A simple closed-form expression for the number of days between the winter solstice and the latest sunrise is given. This makes it easy to see the functional dependence on the latitude of the observer.
Introduction
The subject of this note is a simple closed-form expression for the number of days between the winter solstice and the latest sunrise. The reason why the latest sunrise does not occur on the shortest day of the year has been discussed by many authors. Typing "latest sunrise" into any internet search engine will locate numerous explanations of this phenomenon.
Statement of result
Let n denote the number of days between the winter solstice and the latest sunrise. Then at latitude λ, assumed to be north of the Tropic of Cancer and south of the Arctic Circle, n is given approximately by
where
is the number of ephemeris days per sidereal year, and
is the angle between Earth's rotation axis and normal to ecliptic, and
is the change in the angular position of the Earth about the Sun per ephemeris day at the winter solstice. In this expression, ǫ = .01672
is the eccentricity of the Earth's orbit, and
is the eccentric anomaly at the winter solstice. It should be noted that this value for ψ o is approximate; it varies from year to year, and its exact value does not affect the result for n significantly. The reason for the great variation is the variation in the orientation of the axes of the Earth's orbit. According to the Astronomical Applications Department of the U.S. Naval Observatory (http://aa.usno.navy.mil/data/docs/EarthSeasons.html), the dates of the perihelions in the years from 1993 to 1998 were Jan. 4, Jan. 2, Jan. 4, Jan. 4, Jan. 2 and Jan. 4. We see that n is largest as we approach the tropics and that n goes to zero as we approach the Arctic Circle. This is because the cos(2α) + cos(2λ) in the numerator goes to zero as we approach the Arctic Circle. The other dependence on the latitude λ is the sin λ in the denominator. Since this formula is not intended for use in the tropics, there is no problem with a divergence.
Examples Table I compares the approximation given in Eq. (1) with tabulated values from the Astronomical Applications Department of the U.S. Naval Observatory (http://aa.usno.navy.mil/data/docs/RS OneYear.html). In tables where times are rounded to the nearest minute, there will be a range of dates that have the latest sunrise time. The corresponding n values are given in parentheses and the midpoint is given to the left of the parentheses in the column labeled "actual value of n." We do not expect our approximations regarding atmospheric refraction and the size of the solar disk to be good near the Arctic Circle. Near the tropics, n is so large that the Taylor expansion to second order is probably not sufficient. 
Derivation of Eq. (1)
Our starting point in the derivation of Eq. (1) is an equation from Ref. [1] , z = cos λ cos θ cos φ + cos α cos λ sin θ sin φ + sin α sin λ sin θ .
This equation gives the z-component of the unit vector pointing from an observer on Earth to the sun, in the observer's local coordinate system, at any instant in time. The angle θ is the angular position of the Earth relative to the Sun, and φ is an angle that measures the rotation of the Earth about its own axis. The time dependence of z is due to the time dependences of θ and φ. The angle φ evolves in time at a constant rate, for our purposes, increasing by 2π every sidereal day. The angle θ increases by 2π every sidereal year, but not at a constant rate, due to the eccentricity of the Earth's orbit.
If we ignore refraction in the Earth's atmosphere and the finite size of the solar disk, we could find the times of sunrise and sunset by setting z equal to zero and solving the transcendental equation that results for the time t. The errors made in this way should be more or less constant over a small part of a year, and we hope that they do not affect our search for the latest sunrise too much. The next approximation is to use the same value for θ throughout any given day. This makes it possible to solve for the times of sunrise and sunset using elementary functions. Again, it should be the case that these errors do not vary significantly over a small part of the year and thus do not affect the day with the latest sunrise excessively. Now that we have a formula for the time of the sunrise on any given day, we make a second-order Taylor series expansion about the winter solstice. This is where the calculation gets complicated, but with enough work the coefficients can be simplified. Finally, the extremum of a quadratic function can be found easily, and the result is Eq. (1).
We note that similar calculations are possible for the earliest sunset, latest sunset and earliest sunrise.
Also, we note that Eq. (1) does not behave well when α goes to zero. Apart from situations where α is very small, this result should be applicable to other planets. When α goes to zero, the quadratic term in the Taylor expansion discussed above vanishes, so a higher-order expansion is necessary.
